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Of all Brauer’s major theorems, the first main theorem is one of the most 
impressive in its statement, with a great psychological effect on the reader. 
However, for practical applications, this theorem is not of much use: How 
does one determine if a p-local group G = N,(D), D a p-group, has a block 
with D as defect group? Therefore Brauer [2], and with him many others in 
many different ways proved an extended version of this theorem, which is 
very useful and in fact indispensable. But all existing proofs are based on 
central characters and assume the presence of a splitting field in order to get 
a sufficient condition for the existence of a block of G with defect group D, if 
DC, (D) has a block with D as defect group. 
Our purpose is to generalize Brauer’s extended first theorem. Namely, we 
give a necessary and sufficient condition with no restrictions on the field, 
which has the original theorem as an immediate corollary. Hamernik and 
Michler [3] observed that Brauer’s sufficient condition holds without any 
assumption on the field. An example will show that this condition is not 
necessary in general. In fact it is necessary and sufficient if the field is a 
splitting field of C,(D). 
Moreover our proof will be substantially shorter than any known proof of 
the old result. We shall perform it in the spirit of an elegant recent paper due 
to Alperin and Brad [ 11. In particular we refer to their paper for all basic 
results we need to carry our proof through. 
1. PRELIMINARY RESULTS 
We first recall the basic definitions, as stated in [ 11. If G acts on the group 
X and F is any field of characteristic p, the set of fixpoints in the group 
algebra F[X] under the action of G is deroted by (F[X])G. The set of orbits 
of G on X is denoted by Cl(G IX), and for C E Cl(G IX), we set 
ICI = CXEC x. Also we denote by D(C) a Sylow p-subgroup of the stabilizer 
in G of an element of C. 
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If P < G we let Trg denote the linear map of (F[X])’ into (P’[X])’ defined 
by 
TrF(a) = c s(a) 
SEGIP 
for all a E (F[X])‘, the famous trace map. Set (P[X]),G = TrpG((P[X])P). 
We need the following basic results. For proofs of (a)-(f), we refer to [I]. 
(a) (F[X]),G is a two-sided ideal in (P[X])G with basis {[C] ] C E 
Cl(G 1 x>, D(c) <G p). 
(b) If b is a primitive idempotent of (F[X])‘, there exists ap-subgroup 
D of G such that for any subgroup K of G, b E (F[X])f if and only if 
D GG K. D is called a defect group of b. 
By a block of G, we understand a primitive idempotent of (F[G])G. Let 
P < G be a p-group. For a block b, of C,(P), let N(b,) denote the subgroup 
of N,(P) which fixes b,. 
(c) Let P be a normal p-subgroup of G and let b be a block of G. 
Then P is contained in every defect group of b. 
(d) Let b be a block of G and let P be ap-subgroup of G. Let b, be a 
block of C,(P) such that b,b # 0. Then b = Tr&,Jbp), and P is conjugate in 
G to a subgroup of a defect group of b. 
(e) Same notation as in (d). The defect groups of b in G are the G- 
conjugates of the defect groups of b, in N(b,). 
(f) Let B be a block of G with defect group D. Then there exists a 
unique block b in N,(D) with defect group D and Bb # 0. 
Statements (d) and (f) together form Brauer’s first main theorem. The 
following is also well known: 
(g) Let b be a block of G with defect group D. Then b = JJ aJC], 
sum over C E Cl(G ] G) with D(C) GG D. Furthermore D(C,) =G D for some 
C, with ac, # 0. 
Proof: By (a) and Rosenberg’s lemma (see [ 1 I). 
This enables us to improve (e) to 
(h) Same notation as in (d). Let Q E Syl,(N(b,). Then the defect 
groups of b, in N(b,) are the N(b,)-conjugates of the defect groups of b, in 
QCG(O 
ProoJ Let H = QC,(P). Let b, = 2 czc[C], sum over conjugacy classes 
of C,(P). By (g), a defect group of b, in H is contained in some defect group 
D of b in N(b,). Moreover, we may choose D such that D <H, obviously. 
Let C, be a C,(P)-conjugacy class with acO # 0 such that D(C,) = D, where 
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C, is the N(b,)-conjugacy class containing C,, in view of (g). It immediately 
follows that the H-conjugacy class C, containing C, has D as defect group 
as well. As b is central in H, the coefficient of [C,] in b, is acO, i.e., D is 
contained in a defect group of b, in H, and (h) is established. 
We immediately get Brauer’s sufficiency condition in the general version 
as observed by Hamernik and Michler, with no restriction, on the field: 
(i) Same notation as in (d). Assume furthermore that b, has defect 
group D and that IN(b,) : PC,(P)/ is prime to p. Then b has defect group D. 
Proof. By (h) and (e). 
2. BLOCKS OF CENTRAL EXTENSIONS OFP-GROUPS 
We return to some other well known results, namely, (lk(3) below. Note 
that the proof of (2) is new and that (3) is obtained much easier than earlier. 
(1) Let H n G and let 6 be a block of G = G/H. Then there exists 
exactly one block b of G such that any &module is a b-module. 
Proof: If 1 = C hi in G and r: F[G] +F[G] is the algebra 
homomorphism induced by G -+ G, then i = C $6,) and r(bi) z(bj) = 0 for 
i #j. It follows that for any block 6 of e there exists a block b of G such 
that Z%(b) # 0, which is equivalent to (1). 
(2) Let P < G be a p-group and assume that G = PC,(P). Then there 
is a one-to-one correspondence between blocks 6 of G/P and blocks b of G, 
given by z(b) = 6, where r is the canonical algebra homomorphism F[G] + 
FIG/PI. 
ProoJ Usuallly this is obtained by using that r has kernel F[G]( 1 - P), 
which clearly is nilpotent. We shall base our proof on a very simple module 
theoretic argument. Let t(b) = XI= I 6i, for b a block of FIG], (ii} blocks of 
F[G/P]. Assume Y > 2. By definition of blocks in an Artinian algebra, this 
implies that there exists i, and i, such W, resp. W, is ‘a simple ii,- resp. 6,* 
module and W is an indecomposable F[G]-module with 
o+ w,+ w-+ w,-+o. (*I 
Let x E Z(P)#. Then the map 1 -x: W + W given by w+w-xw is an 
F[G]-endomorphism of W, as x E Z(G). Moreover ker( 1 -x) # 0, as x is a 
p-element. If ker(1 -x) # W, then ker(1 -x) = W, by (*). But then 
W, z Im( 1 - x) c W, , a contradiction. Thus x acts trivially on W and W is 
in fact an F[G/Z(P)]-module, as x was arbitrary. By induction, W is in fact 
an F[G/P]-module then, a contradiction. 
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(3) Let b be a block of G = PC,(P), P a p-group, with defect group D, 
and let 6 be the corresponding block of G/P. Then P < D and 6 has defect 
group D/P. 
Proof: That P < D is statement (c). Let r be as above. As r(b) = 6, (b) 
implies that the defect group d of 6 is contained in D/P, while the other 
inclusion follows from (g). 
As an immediate corollary, we get 
(4) Assume D = P in (3). Then 6 has defect group 1 and b has exactly 
one isomorphism class of simple modules. 
3. THE EXTENDED FIRST MAIN THEOREM 
We are now ready to prove a general version of the extended first main 
theorem. In view of (d), (e), (f) and (h), there is a one-to-one correspondence 
between blocks of G with defect group D and N,(D)-conjugacy classes of 
blocks bb of C,(D), whose defect group in PC,(D) is D, where 
P E Syl,(N(b,)). Moreover, if bp has defect group D in PC,(D), then 
certainly b has defect group D in DC,(D) by (c) and (d). Thus we are left 
with the following problem: Given a block b, in Co(D) with defect group D 
in DC,(D), when does b, have defect group D in PC,(D), where 
P E W,W,)Y 
PROPOSITION. Let D be a normal p-subgroup of G and set G= G/D. Let 
b be a block of Co(D) with defect group D in C = DC,(D), which is G- 
invariant under conjugation. Let b be the corresponding block of c= C/D, 
then the following are equivalent: 
(i) b has defect group D in G. 
(ii) 6E F[G]F. 
(iii) bF[G] is a semisimple algebra. 
(iv) Let S be the simple F[C]-module in b. Then SG is semisimple. 
Proof (i) and (ii) are equivalent by (3) and (b). 
As any &module is projective if and only if bF[G] is semisimple as its 
own module, (ii) is evidently equivalent to (iii). 
Finally, as 6 is c-invariant, 
(*I 
But bF[C] is semisimple and isomorphic to S(“) for some n as its own 
module. Hence bF[G] is semisimple if and only if S” is semisimple, or 
equivalently, SC is semisimple, as D is the kernel of S. 
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The author is grateful to David Sibley for pointing out that the shortest 
and most natural proof of the equivalence of (i) and (iv) goes through (ii), 
(iii) and (*). 
As pointed out above, we now have 
THE EXTENDED FIRST MAIN THEOREM. Let G be afinite group, D< G 
a p-group. For each block b of C,(D) with defect group D in DC,(D), let S, 
denote the’simple module of b in view of (4) above, and let P, be a Sylow p- 
subgroup of N(b). 
There is a one-to-one correspondence between blocks of G with defect 
group D and N,(D)-conjugacy classes of blocks b of C,(D) with defect group 
D in DC,(D) and S:B~G(~’ semisimple. 
COROLLARY. Let D < G be a p-group, and let b be a block of C,(D) with 
defect group D in DC,(D). Then 
(i) (Brauer, Hamernik and Michler). Assume IN(b) : DC,(D)1 is 
prime to p. Then corresponding block of b in No(D) has defect group D. 
(ii) (Brauer). Assume F is a splitting field of Co(D) and that the 
corresponding block of b in N,(D) has defect group D. Then (N(b) : DC,(D)1 
is prime to p. 
Proof (i) has already been observed. However, if [N(b) : DC,(D)1 is 
prime to p, then certainly SC is semisimple. So (i) also is an immediate 
corollary to our theorem. 
(ii) As F is a splitting field of C,(D) and S is in a c= DC,(D)/D- 
block of defect 0, S is liftable and in particular, dim,S = ]P] h, where 
FE Syl,(C) and h is prime to p. Let P< 0 E Syl,(N(b)/D). Then 
dim,(S=) = I@ h. As any indecomposable component of SW has dimension 
a multiple of dim, S and is divisible by (81, SE is indecomposable. (We 
could of course just have quoted Green’s Theorem.) However, as S in the 
only simple module of b in DC,(D), N(b) is the inertial group of S and 
consequently SE is simple only if 8 = p, i.e., ] N(b) : DC,(D)l is prime to p. 
EXAMPLE. Let G=CW, where C=DxK, DzH,@h,, K-h3, and 
W N L *. Assume furthermore that W acts non-trivially on D. Let p = 2. 
Case (i). K W N Z3, F = Q!(v). Then C = Co(D) has two nonprincipal 
blocks b, and b,, with defect group D, and N(bi) = C. Thus it immediately 
follows that G has a block b = b, + b, with defect group D. Correspon- 
dingly, ] N(bi) : Cl = 1. 
Case (ii), KW = Zc,, F = Q. Here, C has one non-principal block b. Let 
S be the simple module of b. As N(b) = G, G is the inertial group of S, and 
S may be considered as a Q[G]-module. But then S], is projective, as K W 
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is non-abelian. Consequently, S, N S 0 S is semisimple, so b is a block of G 
with defect group D, in spite of the fact that IN(b) : Cl = 2. 
Case (iii). KW= Z,, F = Q!(p). As O,(G) = D W, neither b, nor 6, (as 
in i)) has defect group D. If Si is the simple module of bi, then ‘Sy has 
Loewy series z: and thus is not semisimple. Correspondingly (F a splitting 
field), IN(b,) : Cl = 2. 
Case (iv). K W 1: Z,, F = Cl!. Again, O,(G) = D W, so b does not have 
defect group D. Correspondingly, the Q[G]-module S is a trivial Q[ WI- 
module, which implies that SG has Loewy series z. Again, /N(b) : CJ = 2, 
but this does not tell us anything. 
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